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Topological materials are of interest to both fundamen-
tal sciences and advanced technologies, because topolog-
ical states are robust with respect to perturbations and
dissipation. Experimental detection of topological invari-
ants is thus in great demand, but is extremely challeng-
ing. Ultrafast laser-matter interactions, and in particu-
lar high-harmonic generation (HHG), were proposed sev-
eral years ago as tools to explore the structural and dy-
namical properties of various matter targets. Here, we
show that the low and high harmonic orders of the HHG
spectrum along the parallel and perpendicular emission
components with respect to a linearly-polarized laser-field
can be used as a signature of topological phase transitions
in the paradigmatic Haldane model. We find evidence to
show that even and odd harmonics as well as their emit-
ted intensities are sensitive to crossing a topological phase
boundary in a medium with broken inversion and time-
reversal symmetries. Our findings pave the way to under-
stand fundamental questions about the ultrafast electron-
hole pair dynamics in topological materials via HHG.
The history of topological order goes back to the discov-
eries of the Berezinsky-Kosterlitz-Thouless transition in 2D
as well as the integer and fractional quantum Hall effects [1–
3]. These materials constitute a new paradigm, since they are
characterized by a global order parameter: this goes beyond
the standard Landau theory of phase transitions, which uses
local order parameters to describe materials. Topological or-
der, due to its robustness and resistance to perturbations, has
already found applications in standards and metrology (most
notably, via the integer quantum Hall effect, a key ingredient
of the upcoming revision to the SI system of units [4]), and
promises numerous applications from spintronics to quantum
computing. Particularly interesting are possible applications
of topological insulators (TI) and superconductors [5]. These
systems are insulating in their bulk but have conducting sur-
face states protected by the topological invariant of the bulk. A
considerable number of solid-state systems with these proper-
ties have been proposed in the recent years, both in the context
of real topological materials [6], and synthetic ones, employ-
ing ultracold atoms [7], photonic systems [8] and mechani-
cal systems [9], among others. Nevertheless, new methods
for the creation and physical characterization of topological
phases are still being sought for real materials. We here focus
on the detection of topological phase transitions and differ-
ent topological phases by the non-linear optical responses of
the medium, in contrast to recent proposals which employ its
linear-optical properties [10, 11].
HHG was first proposed for the detection of molecular
structure and orbitals in the seminal work of Itatani et al. [12].
In HHG an ultrashort (5-50 fs) intense mid-infrared (MIR)
laser pulse causes partial ionization of an electron in an
atom/molecule. The resulting electronic wave packet is ac-
celerated in the laser field, returns to the parent ion and
recombines there, producing high-order harmonics [13, 14].
The efficiency of this process depends directly on the atomic
or molecular orbital that the electron leaves and recombines
with, and the electronic and molecular structure of the target
can similarly be probed by the re-scattered electron via laser-
induced electron diffraction [15, 16]. In the last few years, the
subject of HHG from solid-state targets has attracted consid-
erable attention [17–19]. In particular, Vampa and coworkers
have studied experimentally how to disentangle the intra-band
and inter-band currents, and how to use HHG to characterize
structural information such as the energy dispersions [20–22].
Generally, existing studies have dealt with standard materi-
als, where the topology does not play a role and Berry-phase
effects are not required, but more exotic systems have also
been considered recently. In particular, Berry-phase effects
have been explored in topologically-trivial materials, through
experimental studies of HHG in atomically-thin semiconduc-
tors [23] and in quasi-2D models [24], where the sensitivity
of harmonic emission to symmetry breaking (specifically, the
breaking of inversion symmetry in monolayer MoS2 and α-
quartz) is shown via the appearance of even harmonics and
explained via semi-classical dynamics.
On more theoretical grounds, the effects of gap closing on
the cutoff energy have been discussed by Zurrón et al. [25]
in graphene, where the first step in the HHG process is initi-
ated by the non-adiabatic crossing of the valence band elec-
tron trajectories through the Dirac points, instead of tunnel-
ing. Silva et al. [26] showed that HHG can be used to detect a
dynamical Mott-insulator transition in strongly-correlated 1D
solids, with more recent work by Takayoshi et al. [27] prob-
ing strongly-correlated spin systems. Bauer and Hansen [28]
were the first to show that HHG is sensitive to topological or-
der, by probing the contribution of edge states in a 1D chain
analogous to the Su-Schrieffer-Heeger model [29, 30], which
they solved using time-dependent density functional theory.
In this work, we push this idea to a natural culmination and
show that HHG can be used as a signature of the topological
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Figure 1 | Global phase diagram of Haldane model in the plane (φ0, M0/t2), where different phases are distinguished by the topological
Chern number C. Phase boundary transition is depicted in the green line of (a). Illustrations of the energy band-structure at repre-
sentative points (X), (Y), (Z) and (Q) as shown in the phase-diagram (a). In particular, at the boundary (red-dot point label by Q),
the band structure exhibits an interesting Dirac gapless point at K points but not at K′ ones in the Brillouin zone (BZ). (Y) and (Z)
depict the band-structure when the topological invariants are C = ±1 at the phase point φ0 = ±pi/2 and M0/t2 = 2.54. (Y) shows how
the mid-infrared, MIR or laser-source oscillations (red-solid line) drives the topological material. We also depict a physical cartoon of
the electron-hole pair dynamics driven by the laser, i.e. creation, propagation and annihilation or recombination by the black-dashed
lines with arrows, and finally the subsequent harmonic-emission (violet oscillations). The red-dashed horizontal and blue-dashed ver-
tical lines in (a) point out, in addition, the phase-diagram region in which we shall investigate how the HHG spectrum behaves for the
topological-phase transition and difference topological invariants. In (b) the momentum-space “lattice" as well as the laser-field linearly
polarized stage along Γ − K direction (horizontal red arrow) are used in most of our calculations. The corresponding parallel and
perpendicular current-emissions with respect to the fundamental laser-field are also in horizontal- Jx , and vertical-violet arrows, Jy ,
respectively. Panel (c) depicts our real-space honeycomb lattice with the atoms placed at A and B.
phase transition in 2Dmaterials, such as the paradigmatic Hal-
danemodel (HM) [31] which is illustrated in Fig. 1. We derive
and apply the theory of HHG in a two-band model solid, fully
including the effects of the Berry curvature and its associated
connection. We characterize and analyze the HHG spectrum:
the intra- and inter-band contributions, as well as harmonics
with polarizations parallel and perpendicular to the driving
laser, in the so called Keldysh approximation. Furthermore,
our theory is invariant with respect to the electromagnetic
and Bloch gauges (see the SupplementaryMaterial (SM)).We
perform a saddle-point analysis, in which the semi-classical
electron-hole pair trajectories include the phases of transition
dipoles moments to assure the full gauge invariance (in con-
trast to Ref. [32]). Our theoretical approach predicts the fol-
lowing: (i) HHG is extremely sensitive to inversion symme-
try (IS) and, in addition, to breaking time-reversal symme-
try (TRS). (ii) The HHG spectrum and characteristics depend
qualitatively on the topological phase, especially when both
discrete symmetries are broken. (iii) We present a complete
model, which captures the reported features of experiments
[23, 24], and predicts novel behaviours for topologically non-
trivial systems.
The Haldane model
The Haldanemodel [31], originally introduced as a toymodel,
represents the first example of an anomalous quantum Hall
effect [33], and it captures the essential features of a number
of materials [34, 35] – in particular, the quantized transverse
(spin) conductivities of the quantum spin Hall effect [36],
where the transport happens along protected edge states.
Moreover, this model remains solvable and implementable in
quantum simulators [37], which makes it a flexible tool for
understanding a wide range of phenomena. More specifi-
cally, the HM describes a tight-binding Hamiltonian of spin-
less fermions on a 2D hexagonal lattice with a real nearest-
neighbour hoping t1, an onsite staggering potential M0, and
a complex next-to-nearest-neighbour hoping t2eiφ0 . The HM
belongs to the class of Chern insulators [38], and it is char-
acterized by a topological invariant: an integer, called the
Chern number, given by the integral C B 12pi
∫
BZΩ(k)·d2k
of the Berry curvature Ω(k) over the Brillouin zone (see the
SM for further details). Figure 1(a) depicts the phase diagram
2
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Figure 2 | High-order harmonics from trivial topological materials. (a) Experimental and (b) theoretical comparison of the HHG spec-
trum from an α-quartz crystal. Both the theoretical and experimental data are averaged along the parallel (‖) and perpendicular (⊥)
harmonic emission with respect to a linearly-polarized MIR 800 nm laser. In our simulations we employ a laser field that mimics the one
used by Luu & Wörner [24]. Our theoretical calculations are normalized to match the intensity of the experimental 7th harmonic.
in terms of φ0 and M0, showing three distinct phases: a triv-
ial phase with Chern number C = 0 and two different topo-
logical phases, with Chern numbers C = ±1. At the bound-
ary between the phases, the bandgap closes, as shown for the
point (Q). In terms of symmetries, the HM has broken in-
version symmetry (IS) when the staggering potential M0 is
nonzero, and it breaks time-reversal symmetry (TRS) when
the next-nearest-neighbour coupling t2 has a nonzero complex
phase φ0. In this work we probe the topological-physics prop-
erties of the Haldane model by examining its non-perturbative
nonlinear response to a strong laser field. A recent parallel
work, complementary to this paper, also examines HHG in
the HM [39].
Semiconductor Bloch equations
In a semiconductor or insulator driven by mid-infrared lasers
or THz sources, the harmonic emission is governed by the co-
herent sum of the intra-band Jra(t) and inter-band Jer (t) cur-
rent oscillations J(t) = Jra(t) + Jer (t) [17, 18]. Those are
defined according to,
Jra(t) = e
∑
m
∫
BZ
vm (K + A(t)) nm(K, t) d3K , (1)
Jer (t) = e ddt
∫
BZ
d∗cv (K + A(t)) pi(K, t)d3K + c.c., (2)
where nm(K, t) is the mth-band occupation (with the index m
running over the valence and conduction bands, i.e. m = v
and c, respectively) and pi(K, t) is the inter-band coherence;
for simplicity, we restrict our study to a two-band model.
Here, moreover, vm(k) = vgr,m(k) + va,m(k) is the mth band
classical velocity, vgr,m(k) = ∇k εm(k) is the particle (i.e.
electron or hole) group velocity, and va,m(k) = E(t) ×Ωm(k)
is the anomalous velocity, with εm(k) the bands’ energy dis-
persion and K the canonical momentum defined in terms of
the particle crystal momentum k and the vector potential A(t)
of the laser’s electric field E(t) = −∂tA(t). (For the derivation
of Eqs. (1-2), see the SM.) Here we note that the intra-band
current contains explicitly information about the Berry curva-
ture; in addition, we have found in our analytical analysis that
this Berry curvature is also encoded in the inter-band current
through the cross product of the dipole matrix elements (see
sections 2.3, 2.5 and 2.6 of the SM). It is important to stress
the relevance of this finding, since in 2Dmaterials the integral
of the Berry curvature over the Brillouin zone is the topolog-
ical invariant, i.e. the Chern Number. In Fig. 1(Y) we depict
a cartoon of the HHG physical process which takes place in
topological materials.
Via our semiclassical saddle-point analysis we find the fol-
lowing: (1) The electron-hole pair is likely excited around the
K ′ point and less probably around the Γ or K , points since
the energy gap is larger at those points compared to K ′. (2)
The electron-hole pair is propagated by the driving laser field
along the path indicatedwith black dashed line of the BZ emit-
ting intra-band harmonics in the process [40]. (3) Finally, the
electron can recombine with its hole and release its energy as
a photon. This inter-band emission carries traces of the mate-
rial’s topological features via both Berry-curvature contribu-
tions to the action accrued in the continuum traversal as well
as in the dipole matrix elements that mediate the transition.
We also note that, in experiments, it is possible to measure
independently the HHG emission along the parallel (‖) and
transversal (⊥) components with respect to the linear polar-
ization of the driving laser [23, 24] (see Fig. 1); this separation
is integral for the observables we detail below.
We start by analyzing the recent HHG experiment of Luu
and Wörner [24] on α-quartz (SiO2). Since a cut along the
z-direction of this crystal has an approximate honeycomb lat-
tice structure, we use the trivial limit of the HM to vali-
date our theory (see SM). Due to the breaking of IS in α-
quartz, the HHG spectrum contains even harmonics, shown
in Fig. 2(a), mainly along the ⊥ emission configuration. Gen-
erally, the experimental features of Ref. 24 are qualitatively re-
produced by our theory (see Fig. 2(b)). Moreover, our theory
qualitatively agrees with Liu et al.’s experiment reported for
MoS2 [23]. Our approximation shows that the intra-band con-
tribution governs the lowest harmonic orders (HOs), roughly
given by HO . 5. On the other hand, the inter-band contribu-
tion dominates over the intra-band current at higher harmonic
orders (see SM).
Signatures of topological phases in HHG
We now address the question whether HHG is an observable
sensitive to (i) different topological phases and (ii) topologi-
cal transitions. To this end, in Fig. 3(a) and 3(b) we show the
calculated HHG spectrum along the parallel and transversal
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polarization directions with respect to the driving laser. These
are for the trivial phase (with vanishing topological invariant,
C = 0) and the nontrivial phase (with C = +1). For the exam-
ples shown, the phase or magnetic flux φ0 is chosen to have
identical bandgaps for both spectra. For these spectra, the IS
is broken by the staggering potential M0 > 0, while TRS is
protected for the φ0 = 0 case and broken in the C = +1 phase
since 0 < φ0 < pi. The emission spectrum for the trivial phase
exhibits only odd HOs for the ‖ emission and only even HOs
for the ⊥ polarization. On the other hand, for the topological
phase, the harmonic orders are simultaneously even and odd
for both emitted polarization states. Surprisingly, the oddHOs
are much more intense compared to the even orders along the
transversal direction for the topological phase in comparison
to the trivial phase. These results stand in contrast to those
published in Ref. 23, where it was found that even harmonics
dominate over odd ones for perpendicularly-polarized emis-
sion for topologically-trivial materials.
To investigate further the nature of this enhancement of the
odd harmonics, in sections 2.5 and 2.6 of the SM we expand
Eqs. (1) and (2), finding that both the inter- and intra-band cur-
rents contain terms proportional to the integral of the Berry
curvature integral over the BZ – the Chern number – for the
first and the higher harmonic orders. This suggests that topo-
logical features are proportional to odd orders of the harmonic
spectrum. This assumption is verified by our numerical cal-
culations along the perpendicular emission of the HHG spec-
trum for topological phase or the non-topological one, via the
enhancement of the 1st, 3rd and 5th harmonics in comparison
to the even harmonics depicted in Fig. 3(b). We see, then, that
there are clear differences in the harmonic emission from the
two topological phases, encoded in the relative strength of the
even and odd harmonics for the two different polarizations of
the emission.
Structure of the harmonic spectra
We now capitalize on this observation to study in closer de-
tail the behaviour of the harmonic emission on the two topo-
logical phases and as the phase boundary is crossed. To this
end, we compute the harmonic spectrum over two scans that
cross the phase boundary: one with φ0 as a parameter (the red
dashed line in Fig. 1(a), reported in Fig. 3(c-h)), and one over
increasingM0/t2 (the blue dashed line in Fig. 1(a), reported in
Fig. 4). In particular, we show in Fig. 3(c-d) the HHG spec-
trum produced in the ‖ and ⊥ polarizations as a function of
the magnetic flux parameter φ0, while fixing the staggering
potential at M0/t2 = 2.54. We also fix the nearest-neighbour
coupling t1 so that the energy bandgap Eg ranges between 0
and 4 eV (see Fig. 3(f)), which is roughly realistic as a range
of energies covered by the bandgaps of solid-state topological
insulators. Over the course of the scan on φ0, the topological
invariant takes all of its allowed values, −1, 0 and +1, as re-
ported in Fig. 3(e), and with the transitions indicated as green
arrows in Fig. 3(c).
The variations of φ0 and the topological invariant C pro-
duce dramatic modifications of the harmonic structure. For
instance, for φ0 , 0, both IS and TRS are broken, thus both
even and odd harmonics are symmetry-allowed along the ‖
and ⊥ emissions. Nevertheless, odd harmonics are clearly
dominating in the C = 0 phase for the ‖ emission. The har-
monic emission in the cases φ0 = ±pi and φ0 = 0 contains
exclusively odd harmonic orders along the ‖ configuration,
and even harmonics in the⊥ component as required by the re-
flection symmetry along the x–direction for that case. Away
from these points, however, the trivial phase exhibits an ad-
ditional suppression of the even harmonic orders, compared
to the emission from the topological phase. This suppression,
which appears in the plateau harmonics (HO & 13) for both
polarizations, is not required by the symmetries of the system
at any of those parameters, and it forms a clear signature of the
topological phase in its high-harmonic emission. At the phase
boundary itself, marked by the green arrows in Fig. 3(c), we
observe a large enhancement in the harmonic yield, which is
produced by the closing of the bandgap at the boundary. At
this gap closing, the band structure presents a graphene-like
Dirac point connecting the two bands, which eases the popu-
lation transfer between them and therefore facilitates the har-
monic emission [25]. This enhancement thus serves as a sig-
nature that the phase boundary has been crossed, in addition to
the topological-phase information encoded in the even-to-odd
weights in the spectrum.
To probe this even-to-odd structure of the harmonic spec-
trum in a more detailed and systematic way, we examine the
behaviour of the fraction of the harmonic yield in even and
odd harmonics, filtered over suitable windows to select on ei-
ther low- or high-order harmonics, as functions of the system’s
parameters over our cut across the phase boundary. More con-
cretely, we examine the ratio
Y˜e, ‖ =
(
N/2∑
j=j0
Y(2j)e, ‖
) /
Ytot, ‖, (3)
where Y(2j)e, ‖ and Y
(2j+1)
o, ‖ are the harmonic yields over even-
and odd-order harmonics, and Ytot, ‖ =
∑
j
(
Y(2j)e, ‖ + Y
(2j+1)
o, ‖
)
is the total yield over the chosen frequency band. (We use
equivalent notation for the ⊥ harmonics.) We show these re-
sults in Figs. 3(g) and (h) for the ‖ and ⊥ emissions, respec-
tively, with the harmonics filtered over the high- and low-order
harmonic windows (respectively) shown with the blue shad-
ing in Figs. 3(a,b). These results immediately show that the
even-to-odd harmonic ratio provides useful information about
the topological phase that produces it, showing clear plateaus
over the topologically-nontrivial phases. This is followed by
noticeable reductions in these ratios once the phase boundary
has been crossed – with a particularly sharp drop in the case
of the ‖-polarized even harmonics in the plateau and cutoff
shown in Fig. 3(g).
Further to this scan over φ0, we also perform a ‘vertical’
cut over the phase space, shown as the blue dashed line in
Fig. 1(a), by holding φ0 = pi/2 constant and increasing M0/t2
from zero, going through the topological phase boundary at
M0/t2 = Mc = 3
√
3 ≈ 5.2, and up to points far from the tran-
sition, with the topological invariant dropping from C = +1
to C = 0 at Mc . We report the results in Fig. 4. Similarly
to the φ0 scan of Fig. 3, the total harmonic spectra shown in
Figs. 4(a,b) also show a distinct harmonic enhancement at the
phase transition, which is again caused by the reduction in
the energy gap between the bands. More importantly, though,
the low-M0 and high-M0 sides of the transition exhibit a no-
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Figure 3 | Detection of a topological-phase transition with HHG. HHG spectra produced by the trivial topological (C = 0, orange line)
and nontrivial topological phase (C = +1, blue line) of the HM, for parallel (a) and perpendicular (b) emissions with respect to the linear
polarization of the driving laser, at equal bandgaps Eg = 3 eV corresponding to the magnetic fluxes φ0 = 0.06 and 1.16 rad. pointed
out in red and green dots of panel (f). The broader scans in (c,d) show the spectrum’s variation as the flux parameter φ0 ranges over
a 200-point scan of the interval [−pi, pi], along a line of constant symmetry-breaking parameter M0; the insets at (e) and (f) show the
variation of the Chern number and the bandgap Eg over this scan, with green arrows marking the phase boundaries. The HHG spectra
of (c,d) encode information about the topological phase via the ratios between the even and odd harmonics, Y(e/o),(‖/⊥)/Ytot,(‖/⊥), which
we examine in more detail in (g,h), by looking at the fraction of the harmonic yield on ‖-polarized even-ordered harmonics filtered over
the high-harmonic range shadowed in green in (a) (resp. the ⊥-polarized odd harmonics over the low-order band shadowed in (b)),
which exhibits clear changes at the topological phase transitions. We use a MIR laser with a linear polarization along the Γ-K crystal
orientation (cf. Fig. 1(b)), acting on a HM with parameters t1 = 0.075 a.u. = 2.04 eV, t2 = t1/3, lattice constant a0 = 1Å, and local
staggering potential M0 = 0.0635 a.u. = 1.727 eV = 2.54t2. The laser is centered at wavelength 3.25 µm (ω = 0.014 a.u.), and has a
Gaussian pulse envelope lasting 8 cycles at FWHM and a peak electric-field strength of E0 = 0.003 a.u. (I0 = 3.5 × 1011W/cm2). We
fix the dephasing time at 1/4 of the MIR laser period.
ticeably different even-to-odd character, with the M0/t2 > Mc
region showing an odd-harmonic dominance in the harmonics
above HO ≈ 5 which is not observed in the C = +1 phase.
As we did for the φ0 scan, we probe this via the even-
to-odd harmonic yield ratios, which we plot in Figs. 4(e,f);
these quantities again have clear differences in behaviour be-
tween the different topological phases involved, showing flat
plateaus of the even-to-odd ratios over the C = +1 phase fol-
lowed by marked declines in those ratios past the transition,
with an extremely sharp drop in the ‖-polarized even harmon-
ics in the plateau, as well as an oscillation and subsequent drop
for the ⊥-polarized odd harmonics over the lower part of the
spectrum. To show this in a more concrete fashion, we plot in
Fig. 4(g) the ‖-polarized harmonic spectrum of two represen-
tative points with the same bandgap on either side of the phase
boundary: as in Figs. 3(a,b), the trivial phase exhibits a clear
suppression of the even harmonic orders, which would other-
wise be allowed by the symmetries of the configuration. This
5
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Figure 4 | Topological phase transition in HHG. HHG spectra (a,b) produced as a function of the local staggering potential M0 at
φ0 = pi/2, over a crossing from the topological to the trivial phase, with the Chern number and the bandgap shown in (c) and (d). As
in Fig. 3, the topological phase is encoded in the even-to-odd structure of the harmonic spectra, which we examine through Ye, ‖/Ytot, ‖
in (e) and Yo,⊥/Ytot,⊥ in (f), filtered over the same bands as in Fig. 3 and showing similar structure; the green dashed lines mark the
transition at M0/t2 = Mc = 3
√
3. We show representative spectra (at M0/t2 = 2.28 and 7.79, giving similar bandgaps of Eg = 3.5 eV)
in (g), showing for the trivial phase a clear suppression of the ‖-polarized harmonics which are ab initio permitted by the symmetries of
the Hamiltonian. We depict in (h) the classical electron-hole pair trajectories for C = 0 (h1) and C = +1 (h2), with their corresponding
creation (blue dot) and annihilation (green dot) positions. The simulation parameters are the same as in Fig. 3.
suppression again constitutes a clear signature of the influence
of the topological phase on the harmonic emission.
In order to better understand the HHG sensitivity to topo-
logical phase transitions, we also perform a quasi-classical
saddle point analysis and calculated the relevant electron-hole
pair trajectories for high HOs. These trajectories are sensi-
tive to the topological features, such as the Berry curvature, as
well as the phase of dipole matrix elements and deformations
to the energy-band structure, that take place at the excitation-
recombination process (see Figs. 4(h)). This recombination
picture is more evident for the inter-band contribution [18].
In the saddle-point analysis, (i) electron-hole pairs are cre-
ated by the driving field at the excitation time t ′; (ii) electron-
hole pairs are accelerated, between the birth and recombina-
tion times t ′ and t, along the parallel and perpendicular direc-
tions with respect to the driving laser’s polarization; and (iii)
electron-hole pairs recombine at time t, emitting a photon in
the process.
In addition to this standard picture, however, the presence
of the material’s Berry curvature on momentum space adds a
transverse force which deflects the electron’s position-space
wavepacket, thereby introducing transverse components to
the harmonic polarization, as discussed previously, and these
transverse components have clear counterparts in the trajec-
tories, which exhibit similar deflections. The specific case il-
lustrated by Fig. 4(h) depicts the electron-hole trajectories for
both phases, trivial and non-trivial. These trajectories have a
perpendicular component with respect to the linear polariza-
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tion of the laser; as we mentioned above, the Berry curvature
is the main cause of this effect (see SM). The electron-hole
trajectories in the trivial limit show a very small ellipse-like
behaviour as compared to those in the non-trivial topology,
which again links to the differences in behaviour observed for
the ⊥-polarized harmonics in our numerical simulations.
In summary, our theory suggests that the HHG spectrum is
able to: (1) probe topological-phase transitions, (2) test topo-
logical invariants, and (3) be extremely sensitive to symmetry
breaking of time-reversal and inversion. Those are important
results, since (i) our theory can be applied to a larger range
of topological materials with similar band-gap properties de-
scribed in this manuscript and extended to THz sources [41].
Another possible application could be Bi2Se3, which is a good
candidate for topological insulator; possible layer-thick mod-
ifications could be created in this material in order to control
the topological transition as in Ref. [42], (ii) THz sources also
open a path to access HHG in topological materials by push-
ing the driving photon energy well below the band-gap in two
different topological orders, (iii) this opens also new questions
about exploring the dynamics in strongly-correlated systems
with spin-orbit couplings; and (iv) the emission control of
even and odd harmonics could lead to methods to manipulate
the time delay between the generated outcome pulses; this is
extremely important for the studies of ultrafast electronic dy-
namics in molecules and solids via pump-probe experiments.
Methods
The derivation of the semiconductor Bloch equations that de-
scribe the laser-crystal interactions in a topological solid ma-
terial is presented the SM. There we also discuss the details
of the derivation of gauge-invariant saddle point equations de-
scribing quasi-classical electron-hole trajectories, as well as
the relationship between the Berry curvature and dipole ma-
trix elements for both the inter- and intra-band contributions
to the spectrum. We additionally show in the SM the fun-
daments of the HM, and we provide additional evidence of
the influence of the topological phase transition on the HHG
emission.
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